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Theorem (Lech) (R .m) = local IIR m-primary ideal d=dimIR)

Then C* eCl) X dI eCR)CIR/)

Here
, eCI) = limd ! Ee(R):e

&emarks ⑪ I = IN then eCIN) = N
&
e(l)

eCRIN) ~NeCF)·
=> elIN) ~d ! lIR/IN)
=> C) is asymptotically sharp if eCR) = 1

ce .g. R
= regular)

② R= k1x , - - Cd] I= m-primary monomial ideal .

NP(1) = convex hall of GERYol **-IY
e(l) = d ! Vol CIR(NPCI))
ICR/I) = # of integer points in IRCoNP(E)



Definition (R . m) = local ring GR) :=Sup
is calledLech- Mumford constant of R

#k :
O GMIRI=GMIR) can restrict to I =I in sup

② 11 SMIR) = e(R)
um ~

take I= IN Lech's inequality (*)

#theorem (Huneke-M-Quy-Smirror , MS) GuIR)=eCR)
i and only if one of the following holds

① dim(R) = /
② dim(R)=2 and ecBred) = 1

Theorem (Mumford) X =Projective/R:field h=ample

Suppose (X . 1) is asymptotically chow seristable it . Faxo-
the Chow form X /N ,s seristable under the natural

S LNH-action . Then FaceX closed point , we have

CM(Ox At1) = 1
.

um

local ring

LemmeMumfordM) =CCRAtH) =GRAE)----



↓definition A local ring (R.m) is called

① Semisable if CuIRAtH) =1 J Mumford
⑪I a notion of stable committed)

=>

② Leck-stable F Gi(R) = 1
-

③ establ ifinm (RAt ---- trf) =1] MS

Observations
-

Lech-stable=> Seristable -> Lin-stable

*Stable

->(R =0 then CmSRAt, ---tr) = LR) OnExercise

In particular, Leck-stableEs SemistableE limestable
CER=field)

Example . R=I din (R) = 1 CIR) = e(R) =2
Xy

R + Lech-stable

Mumford Ris secristable·-

CMS)
inea
, (A) = /
Cri= 1 R= complete . CMTheorem
-

③ R is Lech-stable>R
= DVR

.

either R= DVR

② Ris semisable EC lim-stable
ET

or R= node
-
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Example (MS) Simple normal crossings.
k1X1 , --- , Xn] then we haveR=-

A XI X2 --- Xn

n=1 R= field Lech-stable

S n22 R=semi-stable , No Leck-stable

Su(Rs) =[M(=
C(Rn) = ? - no closed formular for 124

dim(R)=2Theorem[ (R
. m) = complete normal

① CGoto-Fai -Watanabel

R Lech-Stable Es eitherRingular or R
= rational double

point

Lice, Govenstein
& pseudo-rational)

② (MS) R= lim-Stable => R=Q -Gorenstein & log canonical

③ (MS) A seminormal generalizations (undermild assumption)

#theoren (MS) R = essentially finite type/R char(k)=O

Suppose R is normal and Q-Gorenstein.
Then

① R= lim-stable le .g . Semistable) => R is log canonical

② R= Lech-Stable and R=
isolated singularity .

=> R is canonical .



-
. lim-stable/Leck-stable# Q - GorensteinRanks

· cannot drop isolated sing assumption in ②

· cannot expect "K/comonical"> "Im-stable/Lachitch

6/2 Lach-stable => eCR)* & !

sure) = 1
Semiihl=> eCR)=(+ 1) !

Ideaof proofof Q :
lim-stable => Ic

assuming R= seristable and R
is 12 on punctured

spec .

take a 1 modification Y-> Spec(R) =: X
-

⑭ this is the blowupof some
re-primary ideal IC SpecCR)

vi-
Conside Blittm(X**) -> XXA' for m sufficiently

divisible .

this is the blow up ofEmyN < R[t]
mem

J

eCR*YIn) =eF


